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Planning Problems in Public Transit
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Vehicle Scheduling Problem
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Max "Camel Curve" < Min Fleet Size
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Flattening the Curve
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Vehicle Scheduling Graph (Only Timetabled, Trips
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Single-Depot Vehicle Scheduling Problem -

t (=4 Berl

2.1 Def. (Single-Depot Vehicle Scheduling Problem): Let D =
(V, A, c) be a directed acyclic graph (DAG) with node set V =T u {s, t}
and arc weights c € R4, s.t.57(s) = 67(t) = 0.

lin

(SDVSP) min ¢’ x =~ objective
(i) x(5+(v)) — x(5‘(v)) =0 Vv +s,t flowconservation
(ii) x(6~(v)) =1 Vv #s,t flow constraints
(iii) 0<x<1 bounds
(iv) x integer integrality

Speech: T are the timetabled trips, s,t the depot nodes, A the
deadhead trips.

a) P°PVSP .= conv {x € RE: (SDVSP) (i) — (iv)} SDVSP polytope
b) PPPYSP = conv {x € RE: (SDVSP) (i) — (iii)} SD Flow Relax.
2.2 Obs. (SDVSP): p-PV3F = pSDVSP —, SDVSP solvable in polytime.
Proof: (SDVSP) (i) — (iii) is @ minimum cost flow problem. I
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Single-Depot Vehicle Scheduling Problem

;,.v': erlin
2.1 Def. (Single-Depot Vehicle Scheduling Problem): Let D =
(V, A, c) be a directed acyclic graph (DAG) with node set V =T u {s, t}
and arc weights c € R4, s.t.51(s) =6 (t) =T.

(SDVSP) minc’ x objective
(i) x(6+(v)) — x(6‘(v)) =0 Vv #s,t flow conservation
(ii) xe =1 VteT flow constraints
(iii) 0<x<1 bounds
(iv) x integer integrality

2.3 Obs. (Minimum Fleet Size): The min size of a homogenous
fleet equals the max number of pairwise incompatible trips.

Proof: Define a partial ordered set (T, <) via u < v: < uv € A. By
Dilworth's Theorem, the minimum size of a chain partition equals the
maximum size of an antichain. Identify

chains with vehicle rotations, antichains

with pairwise incompatible trips. [
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Multiple-Depot Vehicle Scheduling
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Multiple-Depot Vehicle Scheduling Problem,.,.... @ ...

2.4 Def. (Multiple-Depot Vehicle Scheduling Problem): Let F
be a set of fleets and D = (V, A, c,k) a directed acyclic multigraph

with nodes V =T U {ss,t;: f € F}, arcs A =User Ar, Weights ¢ € RS,
and capacities x € NF;let §7(s;) =&+ (tf) 8, 8%(sr), 67 (tr) < 4.

(MDVSP) min cTx D= objective
Vv # s,t flow conservation
. + _ —_ — )
(1 x (5f (v)) x (6f (v)) 0 VfEF per fleet
(ii) %;(v)) =1 Vv #s,t flow constraints
(D) | 5|l feasible fleats S)) < K Vf EF fleet capacities
(iv) 0<x<1 bounds
(v) x integer integrality

Note: All fleets service the same timetabled trips, 6 =Uscr 6.
a) PMPYSP .= conv {x € RE: (MDVSP) (i) — (v)} MDVSP polytope
b) PMPVSP .= conv {x € RE: (MDVSP) (i) — (iv)} MD Flow Relax.
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Multiple-Depot Vehicle Scheduling Problem_, 4.~

2.4 Def. (Multiple-Depot Vehicle Scheduling Problem): Let F
be a set of fleets and D = (V, A, c,k) a directed acyclic multigraph
with nodes V =T U {ss,t;: f € F}, arcs A =User Ar, Weights ¢ € RS,

and capacities « € NF;let §7(s;) =6%(¢t¢) =0, 6%(sr), 8 (tr) € 4.

-

Berlin

(MDVSP) min ¢’ x objective
Vv #5,t flow conservation
. + _ —_ _ )
(1 x (5f (v)) x (6f (v)) =0 VfEF per fleet
(ii) x(6~(w)) =1 Vv #s,t flow constraints
(iii) X (512F (S)) < Kf VfEF fleet capacities
(iv) 0<x<1 bounds
(v) x integer integrality
2.5 Obs. (MDVSP): a) pMPV>F c pMDPVSP in general <. b) MDVSP is

NP-hard.
Proof: a), b) Transformation from 1in3 3SAT with unneg. literals. OJ
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Lagrange Relaxation I: Flow Constraints

2.6 Obs. (Multiple SDVSP Relaxation): The Lagrange relaxation
of the (MDVSP) w.r.t. the flow constraints (ii) is ...

(MDVSP) min c’ x objective
: + _ Vv #s,t flow conservation
O x(F®)-x(F®)=0 yrer T perfeet
(ii) x(6 _(v)) =1 Vv #s,t flow constraints
(iii) X (5]?r (S)) < Kf VfEF fleet capacities
(iv) 0<x<1 bounds
(v) x integer integrality
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Lagrange Relaxation I: Flow Constraints
D1 B
2.6 Obs. (Multiple SDVSP Relaxation): The Lagrange relaxation
of the (MDVSP) w.r.t. the flow constraints (ii) is

(LR(ii)) maxminc’x =Y, .s¢ mpx(6~(v)) +n’1 objective
T
Vv £ s,t flow cons.
. + _ —_ — )

O x(F@)-x(F®) =0 Yer e feet
(iii) X (5;’ (S)) < Kf VfEF capacities

(iv) 0<x<1 bounds
(v) x integer integrality

a) The subproblem (the inner minimization) decomposes into
independent SDVSPs, one for each fleet.

b) For ¢ > 0 and = = 0, the optimal objective of the subproblem is 0.
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Aggregate Flow Conservation

2.7 Def. (Aggregate Flow Conservation): Consider an MDVSP
D = (V,A) C, K),

(MDVSP’) minc’ x objective
Q) (5+( )) B (5_( )) — 0 Vv #s,t  flow conservation
! S N X\or W)= VFEF per fleet
Vv # s¢,t

.y + _ _ _ frlf aggregate
(i’ x(87 () x(5 (v)) 0 fEF flow conservation
(ii) x(5 _(v)) =1 Vv # s,t flow constraints
(iii) X (5;’ (S)) < Kf VfEF fleet capacities
(iv) 0<x<1 bounds

(v) x integer integrality

2.8 Obs. (MDVSP’): (MDVSP') & (MDVSP), and this also holds for
the LP relaxations.

Proof: x(5+(v)) — x(c?‘(v)) =X rerX (5;’(12)) — X (5]?(12)) = 0. [
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Lagrange Relaxation II: Flow Conservation

Freie Universitat (/" Berlin

2.9 Obs. (Common SDVSP Relaxation): The Lagrange Relaxation
of the (MDVSP’) w.r.t. the flow conservation constraints (i) is ...

(MDVSP’) minc’ x objective
Q) (5+( )) B (5_( )) — 0 Vv #s,t  flow conservation
! S N X\or W)= VFEF per fleet
Vv # s¢,t

.y + _ _ _ frlf aggregate
(i’ x(87 () x(5 (v)) 0 fEF flow conservation
(ii) x(5 _(v)) =1 Vv # s,t flow constraints
(iii) X (5;’ (S)) < Kf VfEF fleet capacities
(iv) 0<x<1 bounds
(v) x integer integrality

Borndorfer | Traffic Optimization II | CO@W 2020 15



Lagrange Relaxation II: Flow Conservation_ .

2.9 Obs. (Common SDVSP Relaxation): The Lagrange relaxation
of the (MDVSP’) w.r.t. the flow conservation constraints (i) is ...

(LR()) maxmincTx —Yvzst m,[x(67 () — x(6~(v))]
T fEF

(i) x5 (1)) — 2(6~(v)) = 0 b fiesf; ”
(ii) x(6~(w)) =1 Vv # st
(iii) x (87 (s)) < K/ VfEF
(iv) 0<x<1

(v) x integer

a) The subproblem is a common SDVSP (for a homogenized fleet).

b) For ¢ = 0 and & = 0, the subproblem optimum can be > 0.
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Solving the MDVSP

2.10 Alg. (Lébel [1997]):

Input: D= (,4,ck)
Output: x =~ argmin MDVSP(V, A4, c, k) (hopefully)

1. solve common SDVSP relaxation LR(i) // solve single fleet LR
2. forall f € F do

3. Ve « {v eV:x (5; (v)) = 1} U {sr, tr} [/ trip2fleet assignment
4. endforall

5. forall f € F do

6. Xf < argmin SDVSP(D [Vf]) // reoptimize each fleet
7. endforall

8. Iif satisfied then output x = (x), stop endif

9. reassign some trips to other fleets by tabu search //reassign trips

10. goto 5

Borndorfer | Traffic Optimization II | CO@W 2020 17




Solving the MDVSP

¢ Berlin

- ZIB

Freie Universitat

a~ q+
== /'

b- b+

c—

d_

e—

Borndorfer | Traffic Optimization II | CO@W 2020 18



Solving Real World Urban Scenarios

BVG HHA VHH
depots 10 14 10
vehicle types 44 40 19
timetabled trips 25 000 16 000 5500
deadheads 70000000 15100000 10000000
Cpu mins 200 50 28
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Planning Problems in Public Transit
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Crew Scheduling

Freie Universitat Berlin
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Crew Scheduling Example

Freie Universitat (/s

A ->

= Rules: Driving time < 7 h, connections < 3 h
= Costs: 2 + duty time
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Crew Scheduling Example

N
Freie Universitat (4% Berli
1 niv I A in

Driving: 3+3+1=7<7
Connections: 0, 0 >

A

Cost: 74+0+2=9 | Driving: 1+1+1=3

—\/ Connections: 0, 0

Cost: 34+0+2=5

=

= Rules: Driving time < 7 h, connections < 3 h
= Costs: 2 + duty time
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Graph Theoretic Model o

Freie Universitat ™4 Berlin

4B
(d, c) on duty elements .
c=20n
duty start (3 3) Q (0,0) 9 3:3)
™ duty end
- ( (d, c) on connections @ ty >
0,2
D f—=— A (7)

\ (0,3)
duty start 7;023)\ 6 @ 6 @

(02)\_ @e 5) (6
7 ya >
[ | I

14 15 16 17

(p 09

das7

R
= Rules: Driving time < 7 h, connections < 3 h <3 arc construction
= Costs: 2 + duty time = Y¢,
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Graph Theoretic Model

Freie Universitat (/s Berlin

AN

= DAG (time —) : (66
0,0 (0,0
= Duty: 07-path p: p(d) < 7 (conn. v') (0,0)

= Schedule: Duty partition (of duty element nodes) T (7)
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Graph Theoretic Model @)

Freie Universitat (/> ¥ Berlin

2)
(3,3)

()—~(1)—o03
(0.2) (2)

(0,2)

0,2)

ZIB

(0,2)

= DAG (time —))
= Duty: 07-path p: p(d) < 7 (conn. v) ° 0,0
= Schedule: Duty partition (of duty element nodes) (7)
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Duty Table

Freie Universitat |

Duty element

1

L

—

Duty (col)

)
W/

7\

no|1|2|3[4]|5|6]|7 9 (10|11 [12[13]|14|15|16|17[18]|19|20]|21|22|23|24|25|26|27|28]|29(30|31|32(33|34(35|36]|37
c|ls|s5|3|3[3]|3]8 6|7|8|9|4]|5|6|4|5[4]|9|10|11]|12|7|8|9]|5]|6|5]|11|[12]12] 89|96 [12]9
1 1 1111 1111 1
2 1 1 1111 111111 1111 1
|1
I 1 1 11111 11111 ]1]1 111 1|1 11111
Duty element 1 1 1] 1 1 1 1111111111 ]1]1
5 1 1 1 1 1 1 1 1|1 1] 1 1111
6 1 1 1 1|1 1 1 1] 1 1] 1 111(1]1]1

Borndorfer | Traffic Optimization II | CO@W 2020

27



I P M Od eI Freie Universitat { 7\‘

no|1|2[3]4|s]e]|7]8]9|10]11]12(13]14[15]16[17]18]19]20]|21|22]23|24|25|26|27|28]29]3031]32|33(34]35]36]37]|

_cl5|5|3|3|3|3|8|9|6|7|8|9|4|5|6|4|5|4|9|10|11|12|7|8|9|5|6|5|11|12|12|8|9|9|6|12|9|

19 1 111 1111 1 (1|1 11 |1

2| |1 11 |1 ]1[1]1 1111111 1111 1 (1

5 1 1 1( [1] |1 1 11 |1 |11 1(1 1(1]1]1](1

6 1 1 11 [ 1]1 1 1 |1]1 111 1111111 1]1

X1 | x2|x3|x4|x5]|x6|x7|x8]|x9 |x10[x11|x12|x13|x14|x15|x16|x17|x18[x19|x20|x21[x22[x23|x24|x25|x26|x27|x28|x29|x30|x31[x32|x33|x34|x35|x36|x37

I B

min 5X;+5x,+...+12X3,+9X5,

01 duty variables

Xo+X5+XgH+X10FX11HX15HX19HXogH X1+ X990 FXo3HXou+Xos+ X355+ X33+ X34 +X5,=1
X3+Xg+Xg+X;3HX14FX 5+ X19HXo3H X4+ XosHXo6FXo7+XogH X350+ X30+ X33 X35+ X3¢ +X3,=1
X4 X109 X 3 X16H X7 X0 FXo3H X6+ Xo7H XogHXogHX30H X531+ X35 X33+ X34+ X35+ X536+ X3,=1
Xs+X11HX14HX16HX18HXo1 H X4+ X6+ XogHXogHX31 X35 X34+ X535+ X36+X3,=1
Xg+X15HX15HX17HX 18 X950 X55+X57+XogHX30H X351 H X33+ X54+ X535+ X536+ X3,=1

Xq,eeX37 = 0

X1,-.X37 INteger
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IP Model

ﬁ; 2\
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min 5x;+5X,+...+12X5,+9X5-

X1 +X7+XgHX19HXo0HX51+X55+ X509+ X350+ X31HX36=1
X5+X7+Xg+X19FHX11HX 15X 19 Xo0FXo1 F X590 FXo3HXoa+Xos+ X355+ X33+ X34 +X3,=1
X3+Xg+Xg+X13HX14HX15HX g X3 X4+ Xo5HXo6FHXo7HXogH X350+ X35+ X33+ X35+ X365+ X57=1
X4+X10FX13HX16FHX17HXo0F Xo3H X6+ X57HXog+XogHX30F X351 X355+ X33+ X34+ X35+ X536+ X57=1
X5+X11+X14HX 16X 8HXo1 FXosH X6+ XogHXogH X371+ X350 F X34+ X35+ X536+ X3,=1
Xg+X17HX15HX17HX g X050 Xo5HX57+ X5+ X530+ X371 + X33 X34+ X35+ X536+ X3,=1

0 < Xq,.eyX37 <1

X1,.-4X37 INtEger

(SPP) minc’x objective min cTx

- (i) Xjejxj =1 Vdutyelementsi partitioning - Ax =1
(ii) x>0 bounds x=0

(iii)  x integer integrality x Integer

2.11 Def. (Set Partitioning Problem): An IP with all 01-equations
(and nonneg. constraints) is called a set partitioning problem.

Note: We partition the duty elements into duties.
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IP Model

(SPP) minc’x objective min cT x
(i)  Xjjx; =1 Vdutyelementsi partitioning - Ax = 1
(ii) x>0 bounds x20
(iii)  x integer integrality x Integer

2.11 Def. (Set Partitioning Problem): An IP with all 01-equations
(and nonneg. constraints) is called a set partitioning problem.

2.12 Obs. (Crew Scheduling): In crew scheduling applications
a) m = #rows = #duty elements is small
b) n = #cols = #duties = #duty paths is large (exponential in (D))

C) solve LP| solve LP soIvebPJ
L~ L~

some price even |show all these cols

more more | have nonnegative 01-matrix A
cols

cols cols | reduced costs: done

initialize% price cols | price cols | price cols -




Column Generation Method

Freie Universitat 1)
LA

~ _ - Ln

Compute’
A Prices -;n Branch
Generate
Solve Crew Pairings

Scheduling 5
Problem (LP) eger;

Fix

2
Stop: Pairings

Solve Crew Scheduling Problem (IP)
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Branch-and-Generate

cost cost

[ |
(1 + e)v¥ \\\\\\_ MJ >

- opt

INIT COLGEN BANG
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Crew Scheduling Graph
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Initialization

Freie Universitat (/.

Cost of initial
solution: 22
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Column Generation: 15t LP
no|l1|2|3|4|5|6|7|8|9]|10|11|12(13]|14|15(16|17|18]|19|20|21|22|23|24|25|26(27|28(29|30|31|32|33(34|35|36]|37
C 8|1916|7|8|9|4|5|]6|4|5(4|9(10|111|12]7 | 8|9 |5|6 |5 (11]12|12| 8|9 |9 |6 |12|9 |y
1 111 1111111 11111 1 5
2 1 1111111 11111111 (1]1 11111 115
3 111 11111 1 111]11]11]1 111 111 1111113
4 1 1 111 1 1 1111 (1)1]1|1]|1]1|1|1]1]3
5 1 1 1 1 1 1 1 111 111 11111(1]3
6 1 1 111 1 1 111 111 1111 (1]1]3
X
primal LP dual LP
min 5x; + 5x, + 3x3 + 3x4 + 3x5 + 3x¢ max Vi +V,+yV3+ys+Ys+ Ve
X1 1 V1 <5
X2 =1 Vo <5
X = <3
3 PN V3
X4 = V4 <3
/I— /I—
X5 = Vs <3
* _ * * __ T
xl = — x6 =1 Xg = 1 |y = (515;313)313) Ve < 3
X1, - Xg = 0 Y1, -, Vg free

2.13 Obs: (Pricing Problem): The pricing problem is to find a duty path p s.1

Cf. Lecture 1

0>¢,=clp)— yTA-p = YaepCa — Lvepv

I/

or to prove none exists. This is a constrained shortest path problem in an acyclic digraph.

Borndorfer | Traffic Optimization II | CO@W 2020
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Column Generation: 15t Pricing Problem

Freie Universitat (/.
=
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Column Generation: 15t Pricing Problem

Freie Universitat (/s Berlin

Duty with negative reduced cost:

Cp = c(p) —y(V(p))
—243-54043-5+0+1-3=-4<0 )
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| |
Column Generation: 15t Pricing Problem

p 5 5 3 3 3 3

nf O] 1f 11 2] 2 3| 3| 4] 4| 5/ 51 6] 6| 7
O] 0] 2 2 2 2 2 2

1 Of 0] O] Of Of Of O] O
2 21 2| -2 -2 -2] -2
3 Of 0] 0] O 1 2| 4] 4] -4 -4
4 2 -2] -1] -1l O O -6] -6
5 41 -4 -3 -3| -2| 4
6 2| -2 -1 0| -6] -6|] -5 -6
7 41 -4 -3| -3 -2[ -2| -8] -8

Duty with negative reduced cost:
&p = c(p) —y(V(p)) -
—24+(3-5)+0+B-5+0+(1-3)=-4<0 (U
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Column Generation: 1st Col Addition

Freie Universitat (/.

= Replace duties 1,2,3 by new duty
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Column Generation: 1st Col Addition

Freie Universitat (/o

Cost of new
solution: 18
(down -4 from 22)
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Column Generation: 2" LP

jZ
37

Freie Universitat & Berlin
no|l1]|2|3|4|s|e|7]|8]|9]|10[11]|12[13]|14]|15|16[17[18|19|20]|21]|22|23|24|25|26|27|28|29]|30|31(32]|33|34|35]36
8lo|e|7|8|9|4|5|6|4|5|a|9]|10|11|12]7|8|9|5]|6|5|11]|12]12(8|9]| 9|6 [12]9]Yy
1] 1 1111 1(1]1 1 1
1 11111 11 [1[1]1]1 1111 1|5
1|1 1111 11]1]1][1 1|1 1] 1 111]1]3
1 1 1] 1 1 1 111111111 ]1]1]3
1 1 1 1 1 1 1 1] 1 1|1 1[1]11]1]3
1 1 1|1 1 1 1 (1 1] 1 11111 [1]3
1
primal LP dual LP
max +Y, +Y3t+YstYys+
min 5x; + 5x, + 3x3 + 3x, + 3x5 + 3xg + 9x49 V1T Y2 T Y3 Vet Vs T Ve <:
x1 + x19 = 1 yl _
3% < 5
xZ + x19 = 1
X + xi9=1 Y3 <3
3 . 19 B Vi <3
4 X : Vs <3
° X : Ve <3
p =
+ v, + <9
X1, ) Xg, X109 = 0 Y1 TY271Y3
Vi, .-, Ve free
/l— /\—
*k *k £ 3 £ 3
— — — — — T
Xy = X5 = Xg = X19 =1 y* =(1,5,3,3,3,3)
(or other optimum)
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Column Generation: 2™ Pricing Problem

Freie Universitat (/o
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Column Generation: 2" Pricing Problem

Freie Universitat \

p 1 5 3

nf o 1| 1| 2] 2| 3| 3| 4| 4| 5] 5| 6] 6| 7
0 2 2 2 2 2

1 0Ol Of of O] of 0] O] O
2 21 -2 2| -2 -2] -2
3 2 -4 -4 4] -4
4 0l O] -6/ -6
5 -4 2| -4
6 4| 6] -6 -6
7 1| 2| 2| -8| -8

Duty with negative reduced cost: -

& =clp)—y(V({)=2+(B-5) |
+1+(1-3)+0+(1—-3)+0+(1-3)=-5<0
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Column Generation: 2"d Pricing Problem

Freie Universitat (/™% Berlin

~NojnldlwiNv|[R|o)lS O

Duty with negative reduced cost:
cp, = c(p) — y(V(p)) =24+@B-1)+3 ,,
+(1-3)+0+(1-3)+0+(1-3)+40+(1-3)=-1<C
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Column Generation: 2" Col Addition

Freie Universitat \

Cost of new
solution: 15
(down ¥2-(-5)+
o-(-1) from 18

= Take new duties + duties 1,3 "0.5 times L
= Fractional solution | ‘

Borndorfer | Traffic Optimization II | CO@W 2020 46



Column Generation: 4t LP

") Berlin

]

iz
37

nol1|2|3|4|5]|]6|7|8]|9]|10({11]|12|13|(14|15|16|17|18|19(20]|21]122|23(24|25]|26(27|28|29(30(31|32|33|34|35(36
c 9le|7|8|9|4|5|6|4|5|4|9|10|11|12]|7]|8|9]|5|6]|5|11]12]12[8]|9]9|6]|12]9]y
1 111 11111 11111 1 5
2 1 1111111 1111111 1]1 11111 113
3 111 11111 111111111 111 111 1111111
4 1 1 111 1 1 1111111111111 1|1]2
5 1 1 1 1 1 1 1 111 111 1111112
6 1 1 111 1 1 111 111 11111111
X 1 1
primal LP dual LP
max y; +y;tys+YstYys+Ys
Y1 <5
min 5x; + 5x5 + 3x3 + 3x4 + 3x5 + 3xg + 9x19 + 9x34 + 12x34 Vo <5
X1 + Xq9 + x36=1 V3 <3
Xo + X9+ X34 =1 Va <3
X3 + Xq9 + x3=1 PR Vs <3
X4 + X3+ x36=1 Ve <3
Xs + X3+ x3e=1 Y1+Yy2t+y3 <9
Xe + X34+ x36=1 Yat Vs +Y6 <5
X1, e X6y X19, X34, X36 = 0 Y2 +Yit+Ys +Ye <9
Y1 +y3+yst+ys+ys <12
/l— 1 Y-V free
Xio = X3, = x3: = 0.5 y* =(5,3,1,2,2,1)7
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Column Generation: 3rd Pricing Problem

Freie Universitat /\ ¥ Berlin

ZIB
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Column Generation: 3rd Pricing Problem

Freie Universitat /\ 1 Berlin

ZIB

Borndorfer | Traffic Optimization II | CO@W 2020 49



Column Generation: 3rd Pricing Problem

Freie Universitat G ¥ Berlin

p 5 3 1 3 3 0

n] of 1] 1| 2] 2] 3] 3 4] 5| 5] 6 6] 7
ol of 2 2 2 2 2 2

1 2] 2] o] of of of 3 o
2 ol of 2 2 1] -2
3 ol of 2 2 3 4] 2| 2 1] -2
4 2| 2] 1] 1] 2] 2] 4] 1
5 ol of 1] 1] 3] 1
6 ol o 1 2| 2] 2] o] 2
7 ol o] 1] -1] o] of 4] 1

Duty with negative reduced cost:
Cp=c)—y(V®)=2+@B-5) n
104+ (1-3)404+(1=-3)404+(1-0)=-1<0 —=—s(]
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Column Generation: 3 Col Addition

Freie Universitat (/o

Cost of new

solution: 14
(down -1 from 15)

= Note: Solution is again integer (luckily) B ()
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Co

umn Generation: 4th LP

Freie Universitat

") Berlin

]

iz
37

no 2(3|4|5|6]7 10|11]12]|13|14|15|16[17|18|19]|20|21|22|23|24|25|26|27|28|29(30|31(32|33|34|35|36
c 8 7(8|9|4|5|6|4|5[4|9]10[11|12]7|8|9]|5]|6|5[11|12]12[8]|9|9|6|12]9]|Yy
1 1 1(1]1 111]1 1 5
2 1 111 111111 1(1]1 1|3
3 1011 1{1]1[1]1 1)1 1|1 1(1]1][1
4 1 1 1|1 1 1 11 111|111 ]1]1]1]2
5 1 1 1 1 1 1 1 1 111 11111|1]2
6 1 1 111 1 1 1 111 11111 1]1]1
X 1 1
primal LP dual LP
max Y3ty +Y¥Y3+Ystys+tYe
V1 <5
min 5x; + 5x5 + 3x3 + 3x4 + 3x5 + 3xg + 9x19 + Sx38 + Yx34 + 12x34 Vo <5
X1 + Xq9 + x3=1 V3 <3
Xy + Xq9 + X34 =1 Vs <3
X3 + Xq9 + x3=1 PR Vs <3
Xy + Xpg+ X3zpt+ x36=1 Ve <3
Xs + X+ X3t x36=1 Yit+y2+y3 <9
X6 + X+ Xzt x36=1 Yat+ys+Ys <5
X1y s X6, X19, X28, X34, X36 = 0 Y2 +Yat+ys+ye <9
Y1 tY3t+Ystys +ye =12
1 1 YueYe free
Xig=xig =1 y* =(5,3,1,2,2,1)7
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N

wW
OIN[PIN[A[RP[PRINIOY
=l (=1 Ll [ R (=R (=1 L 2V (22

= No duty with reduced cost < 0
= LP Duality Theorem = LP optimum
= LP Solution Integer = IP optimum
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Solving Real World Crew Scheduling Problems

ie Universitat f/ tlin

Article Constraints Variables Time
Charnes & Miller [1956] 6 17 by hand
Hoffman & Padberg [1993] 145 1 053 137 5 min
Bixby, Gregory, Lustig,

Marsten, Shanno [1992] 837 12 753 313 249 sec
Barnhart, Johnson,

Nemhauser, Savelsbergh, nobody several
Vance [1998] >10 000 knows days

= Exploit problem structure to price
= Solve large-scale LPs
= Use specialized branching strategies (not on individual variables)
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Berlin

Exploiting Structure

Freie Universitat \

: A5
Public Transit Airline Industry
= Short, but wide; peaks = Long, but thin; day structure
= Short paths = Enumerate duty periods

= Need to handle complex rules = Can use k-shortest path alg.
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Solving Large Set Partitioning LPs

(SPP) minc’x objective min cT x
(i)  Xjeqxj =1 Vdutiesd partitioning - Ax =1
(ii) x>0 bounds x =0
(iii)  x integer integrality X Integer

2.11 Def. (Set Partitioning Problem): An IP with all 01-equations
(and nonneg. constraints) is called a set partitioning problem.

2.14 Obs. (Box Lagrange Relaxation): The LPP relaxation of an
SPP can be solved by Lagrangean relaxation as follows:

reduced costs

| reduc
minc’x = minclx = max min(cT—ATA)x + AT'1
Ax =1 Ax =1

x=0 0<x<1 0<x<1
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Rapid Branching

= Sort candidate variables by reduced costs
B* =y jmb G = =G, Q'
= Branch on set Q* atbranchj, k=m,..,0
Qk = {le == xfk = 1}
= At branch Q*
Try to reach integer solution by plunging

using "perturbation branching"; [m/4J
if bound increases too much
I
Backtrack to @*/* s T
- Alm/2]
) - \
Qm
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Planning Problems in Public Transit

Freie Universitat

S Service Design

Weitere Fahrausweise erhalten Sie in unseren Bussen und StraBenbahnen
an den Automaten im ersten Wagenzug

| Tarif ab 1.4.2004 fiir Potsdam und Umland (ohne Stadt Berlin)
Tarifbereich °

[T

B8

JrSER— ™

Tarif ab 1.4.2004 fiir Berlin und Umland (mit Stadt Potsdam)
Tarifbereich

R
423221 ; 423221 0
423058 11:48 423058 0
423365 1151 423365 0
423213 11:51 423213 0
11:53 423182 0 1B

0
0
0
0
0

11:53 423153
11:55 423288
11:55 423148
11:58 423318
11:58 423282

1202 423 269 1B
12:02 423163 28
0
0

12:04 423155

Operations Control o -
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Integrated Vehicle and

Duty Scheduling

Freie Universitat

Berlin

ZB

IntesmerieN i ensi ey Myl aofibe fipig (FHE = HEP[EUS T = 1 -Fi el J Jal
B System Bearbeiten Einstellen  Ansicht Hife - & =
=) B Al O[] ™= 7 R|— 75 —|Z — < iig m ™
Dienste- 13s13 [0 06:00 07:00 ) 08:00 09:00 Lo:00 ) LL:00 L2:00 Ls:00 Le:00 1700 ) Dienst | Einsatzplan gepriift | editiert
1135302 1155500, 4
A ] I I 11555 Peine |
r Ferien
L L L |
08
RGEE FRBEBA 1135506 1135500, E |
11355 Peine | |
r Schule
0g i T {n} 10 15 AT T o & 10
. PREBA 1135508 1135500, ®
- 11355 Peine
: r Schule
. a4z 56 19 o 55 15 IRESA5 0 = 5085 a5 §Le Jic]
- . PREBA 1135505 (1135500,  |=
11335 Peine
|| r Schule
1139588 1135500, x
. r W 11355 Peine
- r Schule
| <] 2
ZITEE TEEEL |00 02:00 10:00 11:00 12:00 12:00 14:00 15:00 16:00 17:00 Dienst | geprift | editiert | defekt Eins
oE:az leroa . 1 1 . 1 . 1 . 1 . 1 1 1 . -
- d : PPPEBERE PFFBEZ GILR1 RFFPES 1135506 |x 113
Schiche: 10:41 FILR1 FWFEBZ FFFB3 GILRZ FPFB1 115
04:55 0z:48 3
Lenl: 04:1%9 Pein
24.7 12240 lzz a5 180 23 Sch
Hst: l48+166 314 1
[« 2|8
Tmléufe: 14s14 |00 08:00 07:00 08:00 05:00 10:00 1100 12:00 13:00 14:00 L5:00 16:00 1700 Umlaufn | Kursnu | gepriift | defekt |Kor
. . . . . . .
GILRZ FPPPEBERE1 PFEZ GILR1 RFFEZ 1135508 ® x
SILR1 FFBZ2 GILR1  P¥WEEBZ 3ILR2
[ = B 2 r
. 58 12 ol =
FREBA 11355598
|
r
|
1135570 x x
r L
— 11355505 x x
I r
. 1135303 4 4
Il :
I 11353501 x x
u Kl |
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Regional Scenarios

._

no relief

no relief

no relief

no relief
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Vehicle Scheduling Graph

timetabled trip ——— deadhead trip depot

Borndorfer | Traffic Optimization II | CO@W 2020 63



Duty Elements

Q duty element
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Change-Overs

» change-overs for drivers
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Start and End of Duties

— — — —» start or end of a duty
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Vehicle Rotations

Freie Universitat ﬁ"‘ Berlin

e ZIB

e
. .-"“n“‘““
st
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Crew Duties

Freie Universitat (/% Berlin

e ZIB
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Compatible Schedules

Freie Universitat ﬁ"? Berlin

e ZIB
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Integrated Vehicle and Crew Scheduling Problem,. =~
A 2
2.15 Def. (Integrated Vehicle and Crew Scheduling Problem):
Let £ be the set of timetabled and deadhead trips that require a
driver. Then the Integrated Vehicle and Crew Scheduling
Problem can be formulated as

(ISP) min c’x + dly
(DG «x (5]2F (v)) — X (5]? (v)) =0 Vv#£s,t, fEF
(1)(ii) x(6‘(v)) =1 Vv # st
(1) (iii) x (87 () < 1y vf EF
(2) Ay =1
(3) Xo = y(e) Ve EE
(4) 0<x<1 0<y<1
(5) x integer y integer

The constraints (3) are the coupling constraints.
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Integrated Vehicle and Crew Scheduling Problem,. =~
A 2
2.15 Def. (Integrated Vehicle and Crew Scheduling Problem):
Let £ be the set of timetabled and deadhead trips that require a
driver. Then the Integrated Vehicle and Crew Scheduling
Problem can be formulated as

(ISP) min ¢’ x + dly
(1) Bx=/<b
(2) Ay =1
(3) Cx = Dy
(4) 0<x<1 0<y<1
(5) x integer y integer

The constraints (3) are the coupling constraints.
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Integrated Vehicle and Crew Scheduling Problem,

Freie Universitat (/= Berlin

«——700.000 arcs > 1.000.000 duties ——

28.000 rows
VSP DSP

I | 6.000 rows

coupling constraints 150.000 rows
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Solving Integrated V&C Scheduling Problems,_ .~

i B
2.16 Obs. (Lagrange Relaxation of the ISP): A Lagrange
relaxation of the ISP with respect to the coupling constraints
decomposes the ISP into an MDVSP and an SPP:

min clx + dly
(1) Bx=/<b
(2) Ay =1
(3) Cx = Dy
x binary y binary
reduced costs f(A) = reduced costs
r \'— % —\/ N\
> max min (¢c'-A'C)x+ max (d'-A'D)y
A x fulfills (1) and y fulfills (2) and
xe{0,1}" ye[0,1]"
=1, (1) =1,(1)
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Solving Integrated V&C Scheduling Problems . @
Article depots  trips  veh. aut. Problem

Ball et al. [1983] 1 1000 -- 133 sequential planning

Scott [1985] 1 456 54 -- VSP + duty cost estimate

Tosini & Vercellis [1988] 17 300 -- -- VSP + additional constraints
Falkner & Ryan [1992] 1 182 -- 41 DSP + additional constraints
Patrikalakis et al. [1992] -- 111 20 45 DSP + min cost flow

Gaffi & Nonato [1997] 28 257 44 65 ISP without driver releases
Freling [1997] 1 296 38 90 ISP

Friberg & Haase [1997] 1 30 -- -- DSP + SPP to optimality

Freling et al. [2000] 1 476 9 23 ISP

Huisman [2004] -- 653 67 117 ISP

Weider [2007] 7 3698 209 260 ISP + caps + resource cons
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Integrated Scheduling Problems

Freie Universitat (/s

Line Planning & Pax Routing

Direct travelers: op vs. g /
Load: opt vs ref %\~ e ﬂ,’ff

\

A

i

\
TR
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Freie Universitat (/i

The Future of Traffic

Information Techn Traffic Optimization

Steam Engine Railways Electric Power Automobile
Textile Industry  Steel Industry Chemical Industry Petro Chemistry Structured Inform. Unstruct. Inform.
2D
7\
/7 \
I \
] \
I \
] \
] 1
] \
] \
] \
] \
1800 1 1850 /1900 1950 1990 ‘ " 2030 |
1 ]
1 ]
1 I
1 I
1 ]
('] I
\ ]
\ I
1 /]
\ ,l
\
4

2. Kondratieff 3. Kondratieff 4, Kondratieff 5. Kondratieff 6. Kondratieff

1. Kondratieff
76
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Thank you for your attention

Freie Universitat (. \

|

X X X X AR X X)

I

Prof. Dr. Ralf Borndorfer
Freie Universitat Berlin
Zuse-Institut Berlin (ZIB)
Takustr. 7

14195 Berlin
Deutschland

Fon (+49 30) 84185-243
Fax (+49 30) 84185-269
borndoerfer@zib.de

www.zib.de/borndoerfer
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